SQUARE ROOT PROBLEM OF KATO FOR THE SUM OF 

OPERATORS 



TOKA DIAGANA 

Abstract. This paper is concerned with the square root problem of 
Kato for the "sum" of linear operators in a Hilbert space H. Under suit- 
able assumptions, we show that if A and B are respectively m-scetroial 
linear operators satisfying the square root problem of Kato. Then the 
same conclusion still holds for their " sum" . As application, we consider 
perturbed Schrodinger operators. 



1. Introduction 

In this paper we deal with the square root problem of Kato for the sum 
of linear operators in a Hilbert space HI. Indeed, let A, B be (unbounded) 
m-sectorial operators in a (complex) Hilbert space EI and let $ and \l/ be 
the (sectorial) sesquilinear forms associated with A and B respectively by 
the first representation theorem, see, e.g., fHJ Theorem 2.1, p. 322]. We 
say that A and B verify the square root problem of Kato if the following 
holds 

(1) D{A%) = D($) = D(A*^) and D(B*) = £>(*) = D(B*^) 

Our primary goal in this paper is to prove that if (1) holds and under 
suitable assumptions, then the same conclusion still holds for the algebraic 
sum A + B, that is, 

(2) D((A + = D(A?) n D(fii) = D((A + B)^) 

As consequence, we shall discuss the particular case of unbounded normal 
operators defined in a (complex) Hilbert space H. 
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It is well-known that the algebraic sum A + B of A and B is not always 
defined (see [7], jH], and [§]). To overcome such a difficulty, we shall also 
deal with an extension of the algebraic sum called sum form. Recall that 
more details about the sum form A + B of A and B, can be found in ^01 
5. Supplementary remarks, p. 328-32] or jHj. One then can show that if (1) 
holds, and under appropriated assumptions; then the same conclusion still 
holds for the sum form, that is, 

(3) D((A + 5)2) = D{A*) n D(B*) = D{{A + B)**) 

In [22], Mcintosh has shown that if C is an invertible m-accretive operator 
in a Hilbert space EI such that its spectrum a(C) is a subset of a region of 
type Sa t p = {z G C : ?R,ez > and |Qms| < /3(JR,ez) a }, where a G [0, 1) 
and (3 > 0. Then D{C%) = D{C*^). In section 3, a similar result will be 
discussed for the sum of invertible m-accretive operators. 

Historically, the well-known square problem of Kato takes its origin in a 
remark formulated in ^SJ Remark 2.29, p. 332-333]. It drew the attention 
of several mathematicians, especially the pioneer work of Mcintosh. 

Recall that the first counter-example to the square root problem in the 
general case of abstract m-accretive operators, formulated by Kato, was 
found by Lions in [TH], that is, 

(4) D(C) = Hj(0, +oo) and Cu = ju, G D(C) 

Clearly, C is m-accretive (not m-sectorial) and that: D(C^) ^ D(C*^). 

A few years later, a remarkable counter-example to the square root prob- 
lem for the general class of abstract m-sectorial operators was found by 
Mcintosh. Indeed, in [21], it is shown that there exists an m-sectorial op- 
erator A such that D(A^) ^ D(A*^). Meanwhile, Mcintosh and allies kept 
investigating on the square root problem of Kato for elliptic linear opera- 
tors, formulated by Kato in [H] . Such a question was modified by Mcintosh 
in [22] ■ Recently, such a famous and challenging question has been solved 
by Mcintosh and allies. Indeed, they have proven that the domain of the 
square root of a uniformly complex elliptic operator A = —div(BV) with 
bounded measurable coefficients in M. n is the Sobolev space H 1 (lR n ) with 
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the estimate: ||A^u||x,2 ~ ||Vw||l2, where ~ is the equivalence in the sense 
of norms, see, e.g., [2j and [Sj for details. 

2. Preliminaries 

2.1. Notation and Definitions. Throughout the paper, R, C, (H, (,)), 

B{M) stand for the sets of real, complex numbers, a (complex) Hilbert 
space endowed with the inner product (, ) and the space of bounded linear 
operators, respectively; S a ^ denotes the domain of the complex plan defined 
by: S a fi = {z G C : 9?ez > and |£ymz| < f3($tez) a }, where a G [0, 1) and 
P > 0. 

For a linear operator A, we denote by D(A), cr(A) the domain and the 
spectrum of A. For a given sesquilinear form $ : D((f>) x D(cf>) C HxEI i— > C, 
we denote by 0(0), its numerical range defined by: 0(0) = {<fi(u, u) : u G 
D(<f)) with = 1}. Similarly, the numerical range of a given linear 

operator A is defined by: Q(A) = {(Au,u) : u G D(A) with = 1}. 

Below we list some properties of sectorial sesquilinear forms as well as 
m-sectorial operators that we shall use in the sequel. 

Definition 2.1. A sesquilinear form $ : D(<fi) x D(<f)) i— > C is said to be 
sectorial if 0($) is a subset of the sector of the form 

S a ^ = {XeC: |arg(A-/3)<a<^}, 

where /? G R. 

Remark 2.2. Throughout this paper, we assume that (3 = 0. In this case 

(5) \%m$(u,u)\ < tana 3le$(u,u), Vm G D(&), 

1 1 
where 3?e $ = -($ + $*) and 3m $ = -($ - $*) with $* denotes the 

conjugate of the sesquilinear $ (see [TE]). 

Definition 2.3. A linear operator A : C H h H defined on EI is 

said to be m-accretive if the following statements hold true 
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(i) (Au, u) > 

(ii) {A + XI)- 1 e B(M) and ||(A + /A)- 1 )] < 



A 



1 



A > 



Example 2.4. Let O be a bounded open subset of M n and let A be the 
operator defined by 

D(A) = Hj(fi) n H 2 (fi) with An = -Am, 

where A = Y^, tt^" denotes the Laplace differential operator. Clearly, A 

ax A k 

is (self-adjoint) m-accretive in the Hilbert space L 2 (Q). 

Definition 2.5. A linear operator A : D(A) C H i— > H defined on EI is 
said to be quasi-m-accretive if A + is m-accretive for some scalar £. 

Definition 2.6. A linear operator A : D(A) C HI i— > EI defined on EI is said 
to be sectorial if 0(A) C S a t p. The operator A is said to be m-sectorial if 
A is sectorial and quasi-m-accretive. 

Let $ be a sectorial form in the Hilbert space HL We denote by H$, the 
Pre-Hilbert space D(<&), when equipped with the inner product given by 

(6) (u,v)q, = $te$(u,v)+(u,v), V«,t;eD($) 

It can be shown that H$ is a Hilbert space if and only if $ is a densely 
defined closed sectorial form. 

We also need the following theorem due to Lions (see [TTi]). 

Theorem 2.7. Let A be an m-sectorial operator on EI and let $ be the 

densely defined closed sectorial form associated with A. Assume that there 
exists a Hilbert space IK c — > EI such that 

(i) D(<&) is a closed subspace of[K, Ef]i 
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(ii) D(A) c K and D(A*) c H 



Then 
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Below we list some properties of the "sum" of operators which we will 
need in the sequel. 

2.2. Sum of Operators. Let A, B be m-sectorial operators on H. Their 
algebraic sum is defined by 

D(A + B) — D(A) n D(B), (A + B)u = Au + Bu Vm G D(A) n D(B) 

It is well-known that the algebraic sum defined above is not, always defined. 
A typical example can be formulated by the following: Set H = L 2 (R 3 ) and 
consider A, B, be the m-sectorial operators given by 

D(A) = HI 2 (R 3 ), Au = -Au, Vu G H 2 (l 3 ) 

and 

D(B) = {«£ L 2 (R 3 ) : V(x)u G L 2 (R 3 )}, Bu = Vu, Vu G D(B) 
where V is a complex-valued function satisfying the following assumption 

(7) 3leV>0, V G L^R 3 ) and V £ L 2 oc (R 3 ) 

Proposition 2.8. Let A, B be the linear operators given above. Assume 
that the assumption (7) holds. Then D(A) n D(B) = {0}. 

Proof. Let u G D(B) n D(B) and assume that u ^ 0. Since u G H 2 (R 3 ); 
then u is a continuous function according to the theorem of Sobolev (see 
PP). Thus, there are an open subset Q of R 3 and 5 > such that \u(x)\ > 5 
for all iGfl. Let f2' be a compact subset of f2, equipped with the induced 
topology by Q (fl' is also a compact subset of R 3 ). It follows that, 

(8) | w = G L 2 ( ir), 

Indeed, (\Vu\)a> G L 2 (fi') and G L°°(0'). Thus, 1/ G LW); this 

is impossible according to the assumption (7)(V G" L 2 oc (R 3 )). Therefore 
u = 0. □ 
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As the previous example shows, the domain of the algebraic sum A + B of 
A and B must be watched carefully. To overcome such a difficulty, we define 
an extension of the algebraic sum commonly called sum form, defined with 
the help of the sum of sesquilinear forms. Indeed, let A, B be m-sectorial 
operators on EI and let $ and $ be the sesquilinear forms associated with A 
and B respectively. It is well-known that $ and \I/ are respectively densely 
defined closed sectorial sesquilinear forms. In addition, we have 

$(-u,i>) = (Au,v), for every u E D(A) and v E -D($) D D(A) 

and 

Hr(u,v) = (Bu,v), for every u E D(B) and v E D(^) D D(B) 

Now consider their sum defined by, 

D(E) = n and S = $ + ^ 

Assume that D(Q) (1 D(ty) = HI; then S is a densely defined closed sectorial 
sesquilinear form (see fHJ Theorem 1.31, p. 319]). Using the first represen- 
tation theorem to the sectorial sesquilinear form S (see (TBI Theorem 2.1, 
p.322]); it turns out that there exists a unique m-sectorial operator associ- 
ated with it; we denote it by A + B and call it as the sum form of A and 
B. 

Let us notice that the sum form A + B defined in this way is the m- 
accretive extension of the closure A + B (if defined) of A + B. Furthermore, 
A + B and A + B coincide if this last is a maximal accretive operator. 
Therefore, the sum form A + B is defined even if A + B is not. 

3. Main Results 

Theorem 3.1. Lei A and B be m-sectorial linear operators on HI such that 

D(A) = D(A*) and D(B) = D(B*) 

One supposes that D(A) D D{B) = H and that the closure A + B of A + B 
is a maximal operator. Then we have 

D((A + B)%) = D(A*) n D(B^) = D((A + B)*i) 
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Proof. Let $ and \l/ be the densely denned closed sectorial sesquilinear forms 
associated with A and B respectively. Consider their sum 5 = $ + since 
D(A + B) C D($) n and that n D(B) is dense in It turns 

out that S is a densely defined closed sectorial sesquilinear form on H. Now, 
A + B is a maximal operator by assumption; it follows that A + B is the 
operator associated with the sesquilinear form S. In the same way, (A + S)* 
is the operator associated with the conjugate S* of S. 

Now, D(A) n = n ,0(5*) with equivalent norms. From 

the general fact that A* + B* C (A + B)* . It follows that D(A + B) C 
Thus, 

£>((^ + B)*) c £>((A + fl)**) 
Using jTSl Theorem 5.2, p. 238], we obtain that 

(9) D{(A + B)*) C D(S) C 

Since A + 1? is m-accretive. Then, substituting A + 5 by (A + B)* in (9) 
yields 

(10) D{(A + B)*?) C D(S*) C D((J+B)3) 

Comparing (9) and (10), and using the fact that -D(S) = D(E*). It follows 
that, D((A + B)3) = D(A*) n D(S^) = □ 

Remark 3.2. Since A and S are respectively m-sectorial; then there < 
a, a' < — such that Q(A) C S^o and 0(5) C cw^- Setting (3 = tana and 
/?' = tana'; then: 

\%mE(u,u)\ < max(/3,/r) 3?e S(u,m), Vm G D(E) = D($)nD(*) 

As consequence, we shall apply theorem 3.1 to the case of unbounded 
normal operators. 

Let A and B be unbounded normal operators on EL According to the 
spectral theory for unbounded normal operator, one can write 

A = A x - iA 2 and B = B X - iB 2 , 
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with A k , B k self-adjoint operators on H (k = 1,2), see, e.g., [2U pp. 348- 
355]. Now since D(A) = D(A*) and D(B) = D(B*), it turns out that 

A* = Ai + iA 2 and B* = B x + iB 2 

Also, if one supposes that A k ,B k to be nonnegative self-adjoint operators 
(k = 1,2). Then (iA) and (iB) are respectively seen as m-accretive oper- 
ators, see, e.g., (2H1 Corollary 4.4, p. 15]. Now let us make the following 
assumptions 

(i) D(A) n D(B) = U 

(ii) 3 C > : (A 2 u, u) < C (Am, u), Vu G D(Af ) n D(Af ) 
(hi) 3 C > : (B 2 u, u) < C" u), Vm G D(Sf ) n D(b\) 

Here, we set A = D(A\) n D(sl). 

Corollary 3.3. Let A = A\— iA 2 and B = B\ — %B 2 be unbounded normal 
operators on HI such that A k and Sfc are nonnegative ik = 1,2). Assume 
that assumptions (i), (ii), and (iii) hold and that A + B is maximal. Then 

= D(A^) n .0(55) = + 

Proof. Let S the sesquilinear form defined by 

S(u,u) = {{A + B)u,v), V u G D(A)nD(B), veA 

Consider the Pre-Hilbert space Ma = (A , <, > s ), where 

(u, v)s := (u, v)s + 3?eH(tt, v), Wu,v E A 

Since the sum form operator Ai 4- S x is a nonnegative self-adjoint operator. 
It easily follows that Hfe is a Hilbert space. Thus, the sesquilinear form S 
is closed. Moreover, D(E) = A is dense in HI n D{B) C A and (i) 

holds). From the assumptions (ii) and (iii), we conclude that H is sectorial. 
Thus, 5 is a densely defined closed sectorial sesquilinear form. According 
to theorem 3.1, we know that A + B is the m-sectorial operator associated 
with 5. Since D(A) = D(A*) and D(B) = D(B*), we complete the proof, 
using similar arguments as in the proof of the theorem 3.1. □ 
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Let $ and \& be densely denned closed sectorial sesquilinear forms on H. 
Assume that A and B are respectively the m-sectorial operators associated 
with $ and $ by the first representation theorem (see ^Hl Theorem 2.1, p. 
322] ). Setting H = $ + then we have 

Theorem 3.4. Under previous assumptions. One supposes that A, B sat- 
isfy (1) and that D(A^) n D(B^) = H. In addition if -D(H) is closed in 
the interpolation space [Hh,H]i. Taen tnere exists a unique m-sectorial 
operator A + B such that 

D((A + = D(A') n £>(5^) = £>((A + 

Proof. Since Z?(H) = -D(A^) n D(B%) is dense in H. It easily follows that S 
is a densely defined closed sectorial form. According to Kato's first repre- 
sentation theorem (see [TT)| Theorem 2.1. p. 322]): there exists a unique m- 
sectorial operator A+B associated with H and that D(A+B) C -D(S) = H=, 
+ B)*) C D(S) = H s . Since H s ^ H is continuous and that D(S) 
is closed in [Hw,,H]i. We complete the proof using the theorem of Lions 
(theorem 2.7). □ 

Theorem 3.5. Let a G [0, 1) and let A and B be invertible m-accretive 
linear operators on H such that D(A) H D(B) = H. One supposes that 
@(A) C S a> /3 and Q(B) C S^', where a G [0, |) and /?, /?' > 0. In addition, 
assume that A + B is m-accretive. Then 

(i) D ((J+g )*) = D((J+g)*5), 

(h) Q(A + B) C S a ,2max(J3,l3')- 

Proof. By assumption 0(A) C and 0(5) C S^/. Thus, we have 

(11) |Qfm < Au,u > | < /3[ Ue < Au, u > ] a , Vn G D(A) 

(12) \%m<Bu,u>\< (3'[ <Bu,u> } a , Vu e D(B) 
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It turns out that, Vm G D(A)nD(B), there exists 7 = max(/3, (3') such that, 

(13) |Sm < (A + B)u,u > \ < 7 [(Ke < Au,u >) a + < Bw, w >) a ] 
Now note that the following holds: let \i G [0, 1] and let x, y > 0. Then 

(14) x^ + y" < 2 l -^{x + yY < 2{x + yY 
Applying "(14)" to (13), and by density, we have: \/u G D(A + B) 



(15) \Sm< A + Bu,u> \ <2-f[^e<A + Bu,u >} a 

Since A + B is m-accretive, we use (15) and (221 Theorem B, p. 257-258] 
to obtain the sought result, that is: 

(16) D{(A + B)^) = D{(A + B)** 

From (15), it easily follows that Q(A + B) C S a ^m.ax.{p,p')- D 

In what follows, we consider A, .B be invertible m-accretive operators on 
EI satisfying 

(17) &(A) C S 1 ^ and 6(B) C S^,, 

where a G [0,1) and /3,0' > 0. Let $ and \1/ be the sesquilinear forms 
associated with A and B, respectively. From (17), it follows that A and B 
verify (1). Thus, $ and \1/ can be decomposed as 

(18) $(u, u) = (A^u, A*3v), u,ve D(A?) = £>($) = D(A*2), 

(19) V(u,v) = (B?u,B*?v) u,v G D(B^) = D(ty) = D(B*?). 
Now consider their sum, S = $ + Thus, V w, v G 

(20) 2(u, u) =< A^U, A*5 V > + < E^n, S*5t> > 

It is not hard to see that 0(H) C S a ^, where a G [0, 1) is given above and 
7 = 2max(/3, (3') > 0. Now, let A + B be the operator associated with S. 
Thus, we formulate this fact as follows. 
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Theorem 3.6. Under previous assumptions; assume 

and that the operator A + B defined above is (invertible) m-accretive. Then 

D((A + B)*) = D((A + B)*?) 

Proof. .- Since A -j- B is an invertible m-accretive operator satisfying a(A + 
B) C Q(A + B) C S arn where a € [0, 1) and 7 = 2 max(/?, (3') > 0. One 
completes the proof using a result due to Mcintosh (221 Theorem B, p. 
257-258]. 

□ 

4. Applications 

This section is concerned with the perturbed Schrodinger operators. In- 
deed, we shall show that the perturbed operator Sz = —ZA + V verifies the 
square root problem of Kato, under suitable assumptions on the complex 
number Z and the singular complex potential V. The operator Sz will be 
seen as the algebraic sum of two m-sectorial operators Az and B that we 
will define in the sequel with the help of sesquilinear forms. 

Let fi C l d be an open subset and set HI = L 2 {Q). Let $^ be the 
sesquilinear form defined by 

(21) $ z (u,v)= [ ZVuVvdx, V«,t)6 J D($ z ) = lJ(n), 

where Z = a — if] (a, (3 £ R) is a complex number satisfying 

(22) a,(3>0 and /? < a 

Clearly, the assumption (22) implies that $z is a sectorial sesquilinear form 
on L 2 {Q). 

Let V be a measurable complex- valued function and let \1/ be the sesquilin- 
ear form given by 

(23) *(«,«)= / Vuvdx, Vu,veD(^), 

Jn 
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where D(*ff) = {u E L 2 (Vt) : V\u\ 2 E L 1 (fi)}. Throughout this section we 
assume that the potential V E L\ oc (Q) and that there exists 6 E (0, |) such 
that 

(24) | axg{V(x))\ < 9, almost everywhere 
From (24), it turns out that 

(25) |9fm %(u,u)\ < tand 3?e V(u,u), V u E D(V) 

In other words, \1/ is a sectorial sesquilinear from on L 2 (Q). 

Under the previous assumptions, $ and \1/ are respectively, densely de- 
fined closed sectorial forms. The operators associated with both $^ and \l/ 
are respectively given by 

D(A Z ) = {uE Ml(Q) : ZAu E L 2 (n)}, A z u = -ZAu, V u E D(A Z ) 

D(B) = {uE L 2 (Vl) : Vu E L 2 (fi)}, Bu = Vu, V u E D(B) 

It is not hard to see that A z and B are respectively unbounded normal 
operators on L 2 (Q) and that they can be expressed as: A z = A\ — iA 2 z , 
where A\ = —aA and A\ = —(3 A are nonnegative self-adjoint operators, 
and B = By — iB v , where By, By are nonnegative self-adjoint operators. 

Assume that tt = R d . It will be seen that D(A Z ) n D(B) = L 2 (R d ). 
Consider the sum E z = & z + Clearly, E z is a densely defined closed 
sectorial form. Since —ZA + V is m-sectorial (see jl]). It follows that 
— ZA + V is the operator associated with S z . In fact, Brezis and Kato 
computed it in 0J. It is defined by 

D(-ZA + V) = {uE H 1 ^) : V\u\ 2 E L\R d ) and -ZAu+Vu E L 2 (R d )} 

-ZA + Vu = -ZAu + Vu, Vu E D(-ZA + V) 

Let us notice that D(A Z ) = M 2 (R d ) and D(B) = {u E L 2 (R d ) : Vu E 
L 2 (R d )}, and their intersection is dense in L 2 (R d ). Therefore applying 
Corollary 3.3 to A z and B. It easily follows that 

(26) D((-ZA + = M 1 (R d ) n D{B%) = D((-ZA + V)*^) 
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In particular where d — 1. Then we obtain that 

(27) D((-ZA + V)?) = Xf(R) = D((-ZA + V)*^) 
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